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Abstract

Recently established rationality of correlation functions in a globally conformal
invariant quantum field theory satisfying Wightman axioms is used to construct
a family of soluble models in four-dimensional Minkowski spacetime. We
consider in detail a model of a neutral scalar field ¢ of dimension two. It
depends on a positive real parameter ¢, an analogue of the Virasoro central
charge, and admits for all (finite) ¢ an infinite number of conserved symmetric
tensor currents. The operator product algebra of ¢ is shown to coincide with a
simpler one, generated by a bilocal scalar field V (x, x) of dimension (1, 1).
The modes of V together with the unit operator span an infinite-dimensional
Lie algebra £y whose vacuum (i.e. zero-energy lowest-weight) representations
only depend on the central charge c. Wightman positivity (i.e. unitarity of the
representations of £y) is proven to be equivalent to ¢ € N.

PACS numbers: 11.25.Hf, 02.20.Tw, 03.70.+k

1. Introduction

The task of constructing a conformally invariant quantum field theory model—using dressed
vertices and (global) operator product expansions (OPEs)—was set forth over 30 years ago
(see [9,11,16,17,19-22,25-30,33,34]; for a review of this early work and further references
see [36]). After arelatively quiet period (during which only some sporadic applications of the
formalism appeared—see e.g. [7]) the subject was gradually revived (see [6,10,12,15,24,31,35]
among others) in the wake of the two-dimensional conformal field theory (2D CFT) revolution
(now the subject of textbooks—see e.g. [8] where a bibliography of original work can be

0305-4470/02/122985+23$30.00 © 2002 IOP Publishing Ltd  Printed in the UK 2985


http://stacks.iop.org/ja/35/2985

2986 N M Nikolov et al

found). It gathered new momentum with the discovery of the AdS—CFT correspondence and
the associated intensified study of the N = 4 supersymmetric Yang—Mills theory (for a sample
of recent papers and further references see [1,4]).

The present work is chiefly motivated by the concept of a rational conformal field theory
(RCFT). Although this notion arose in the framework of 2D CFT, recent work [23] suggests
that it may be relevant to any number of spacetime dimensions. We consider in detail the
simplest example beyond free fields, given in [23], the case of a model of a neutral scalar field
of dimension two. More complicated (and potentially more interesting) cases involving fields
of dimensions three and four are only briefly discussed.

We start by recalling the relevant results of [23] which allow us to derive the general
expressions for the four-point Wightman functions.

Adding to the Wightman axioms a condition of global conformal invariance (GCI) of
local observables (i.e. invariance of correlation functions under a single-valued action of the
fourfold cover G = SU (2, 2) of the conformal group whenever x and gx (g € G) both belong
to Minkowski space) we deduce the Huygens principle: local fields ¢ (x), ¥ (y) commute
whenever the difference x — y is non-isotropic; moreover,

[(x =1V ), ¥ (M =0 for N > 1 (1.1)

(see [23] theorem 4.1 and proposition 4.3, where the precise bound for N is given). This result
is based on the fact that a spacelike separated pair of points in Minkowski space can be mapped
by a proper conformal transformation into a timelike one. (Thus, GCl is a stronger requirement
than invariance of Schwinger functions under the Euclidean conformal group.) The Huygens
principle implies (together with energy positivity) that the Wightman distributions are rational
functions of the form

W, ...,x,) (=, ...,n) = P(x1,...,%x,) 1_[ (pjr) M+, (1.2)

1<j<k<n

where P is a polynomial (in general, tensor valued),

Xjk = Xj — X, pjkzsz»k+10x?k (xzzazz—xg), Wik € Ly (1.3)
(see [23] theorem 3.1; the i0x?k is only essential when pj; occurs in denominators and
prescribes the contour integration for Wightman distributions that reflects energy positivity—
see [32]). Hilbert space positivity is taken into account using OPE and the classification of
positive-energy unitary irreducible representations of G [18].

Expanding the discussion of section 5 of [23] we shall derive the general form of the
truncated four-point function Wj (d) of a neutral scalar field ¢ of integer dimension d satisfying
GCI (see equation (2.1) below).

Combining proposition 5.3 and corollary 4.4 of [23] we can write

Wid) = W (x1, ..., xa;d) = Dya(pij) Pa(ni, m2)
Dy(pij) = (P13 o) , Pa(ni, n2) = E cij 1} 77%, (1.4)
(P12 P23 P34 P14)47! >0
i+j<2d-3

where 7; are the conformally invariant cross ratios

_ PPy _ pupn
P13 P24 P13 P24

For sz.k # 0 we can ignore the iOx?k term in the definition of pj; (1.3). The Huygens

principle (strong locality) then implies symmetry under the permutation group Ss. Its normal
subgroup Z, x Z, (with non-trivial elements 515 534, S14 523 and 513 $24, Where s;; is a substitution

m n2 (1.5)
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exchanging i and j) acts trivially on n; and n,. Hence, it suffices to impose invariance under
the six-element factor group Sy/Z, x Z, = Ss generated by

_ m o1
s12 1 Pa(ni, ma) b m3? 3 77d<—1, —) = Pa(m1, 12),
7]12 m2 (16)
_ n
s 1 Pa(ni, ) V> 33 Pd<n—, 77_2> = Pa(n1, m)
1 m

(WhiCh also involves S13 = 512 8§23 S12 = §23 812 523, 1mply1ng Pd(nz, 771) = Pd(nls 7]2)). This
leaves us with the following® [d?/3] independent coefficients:

. . 2d —3—1i
Cij forzgng 1.7
(Cij = Cji = Ci2d-3—i—j = C2d-3—i—j,i = Cj2d-3—i—j = Czd—3—i—j,j)-

This paper is chiefly devoted to the case d = 2, that is the minimal d for which a non-zero
truncated four-point function Wj(d) exists. We shall set in this case’

(12) = %2(12)2, (123) = ¢3 (12)(23)(13),
Wid = 2) = ¢4 (12)(23)(34)(14) (1 + 1y +12), (1.8)
(ij) =@ pip)~".

Parameters such as

3 2
c:= %:8—<12>(23>(13>, =2 1.9)
3 ((123))? C4
are invariant under rescaling of ¢. It will be proven in section 2 that if there is a single field (¢)
of dimension two then these constants are equal. Moreover, their common value ¢ (=¢’) also
determines the normalization of the two-point function of the stress—energy tensor and thus
appears as a generalization of the Virasoro central charge. We shall then restrict our attention
to the case of a single field ¢ corresponding to ¢ = ¢3 = ¢4 = c.
Similarly, the general truncated four-point function for d = 3 is

P13 P24
Orom o o )+ ealn + ) (1 +mim) 4t 4 03]+ b o)

(Cl' = Cpji for i =0, 1, and b = C]]). (110)

Wi(3) =

The requirement that no d = 2 (scalar) field is present in the OPE of two ¢ in this case gives
c1 = —co (30, should one demand the presence of a stress—energy tensor in the OPE).

The case d = 4 appears to be particularly interesting and will be briefly discussed in the
concluding section 6.

The paper is organized as follows.

In section 2 we write down the OPE of two ¢ in terms of a bilocal scalar field V (x1, x;) of
dimension (1, 1) which satisfies—in each argument—the (free) d’ Alembert equation. Using
this result we sketch a proof of the statement that V belongs to the OPE algebra generated by
¢, a property only valid in four spacetime dimensions. The free-field equations for V then
imply that the truncated n-point function of ¢ is expressed as a sum of one-loop diagrams
with propagators (ij) and a common factor ¢, for all n > 4. The uniqueness of the field ¢ of
dimension two is proven to correspond to ¢, = c o".

4 [[a] stands for the integer part of a ([d?/3] = 1,3,5,8,ford =2,3,4,5; [(d+1)?/31 —[d*/3] = [(2/3) (d+ D]
=1,2,2,3ford =1,2,3,4).

5> The four-point Wightman function obtained from (1.8) coincides with that given by proposition 5.3 and
equation (5.16) of [23] for Ny = ¢2/32 7%, Ca = ¢4/ (2 m)8, Cop = C3; = 0.
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In section 3 we establish the existence of an infinite set of conservation laws: the term
with light cone singularity (12)(34) is reproduced by the contribution of an infinite number of
(even-rank) conserved symmetric traceless tensor currents

2

Toi(x, §) = Ty ooy (6) &1 01, UeToi(x, ) =0 = Ty (x, ¢), (1.11)

0x, 0CH
to the OPE of two ¢ (including the [ = 0 term Ty(x) = ¢(x)). For ¢ expressed as a linear
combination of normal products of free fields

N
) =5 :gix): (Olgi (x1) 9} (x2)]0) = 8;;(12) (1.12)
i=1

the stress—energy tensor is also given by the sum of free-field expressions:
N

T(x,0) =) {0 (0)) = 3 i 0" + £ 70— (€ - 0’197 (1) : (1.13)
i=1

The case of equal ¢, = ¢ (n = 2,3,...)—i.e. of a unique ¢——corresponds to o; = 1
(fori = 1,..., N)andc = N. The truncated n-point functions of 75 (x, ¢) remain proportional
to its free massless scalar field expression for all ¢ > 0. Thus, the parameter ¢ indeed plays
the role of a four-dimensional extension of the Virasoro central charge.

In section 4 we study the mode expansion of the bilocal field V, which naturally appears
in the so-called analytic compact picture. We exhibit an infinite-dimensional Lie algebra £y
spanned by the modes V,,,,,(z1, z2) of V and by the unit operator.

In section 5 we prove that the unitary positive-energy representations of £y correspond
to positive integer ¢ (theorem 5.1). Combining this theorem with propositions 2.2 and 2.3 we
derive the same result for the original field algebra of the d = 2 scalar field ¢. This implies
that ¢ belongs to the Borchers class of a system of free fields [5] (see [32] for a text-book
introduction to this concept).

Section 6 is devoted to a discussion of the results. We indicate on the way how the methods
of this paper apply to fields of dimensions three and four, and end up with the formulation of
two open problems.

2. One-loop n-point functions. OPE in terms of a bilocal field

We begin by rewriting the expression for the general four-point function of a neutral scalar
field ¢ (x) of dimension two satisfying GCI in a form that suggests its generalization to the
n-point function. According to (1.8) we have

(1234) = (12)(34) + (13)(24) + (14)(23) + W}, ((ij) = % (ij)z), 2.1
where the truncated four-point Wightman function can be written as a sum of contributions of
three box diagrams:

Wi = ¢, {(12)(34)(23)(14) + (12)(3H) (13)(24) + (13)2H (14 (23)}).  (2.2)

This expression is reproduced by an OPE for the product of two ¢ that can be written
compactly in terms of bilocal fields:

Olp (x)@ (x2) = (O[{(12) + (12)V (x1, x2)+ : ¢ (x1)@ (x2) 1},
V(x1, x2) = V(xz, x1),
where the three terms are mutually orthogonal
(01 V(x1,x2) 10) =0 = (0 : p(x1)p(x2) : 0) = (O] Vi(x1, x2) : p(x3)¢(x4) : |0), (2.4)

(2.3)
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and satisfy
(O] V(x1, x2) V(x3, x4) 10) = ¢4 {(13)(24) + (14)(23)},
(0] V(x1, x2)¢p (x3) |0) = ¢3 (13)(23),
O] : p(x1)@P (x2) : P (x3)P(x4) [0) = (13)(24) + (14)(23) + ¢4 (13)(23)(14)(24). (2.6)
(In general, a field V (x;, x») is said to be bilocal if [V (x1, x2), V (x3, x4)] = O for x; spacelike
tox;,i =1,2,j =3, 4andif it commutes with all local fields ¢ (x3) of the theory for spacelike
Xi3, i = 11 2)

A priori, the algebra of V and : ¢ (x1)¢ (x2) : may be larger than the OPE algebra of ¢.
This is a non-trivial result, valid only in four dimensions, that the (symmetric) bilocal fields
V(x1,x3) and : ¢ (x1)¢(x7) : can actually be determined separately from the expansion (2.3).

2.5)

Proposition 2.1. If V (x1, x;) is a bilocal field obeying (2.5) then it satisfies in each argument
the d’Alembert equation:

82
ax! dx;

provided the metric in the state space is positive definite.

O,V (x1, x2) = 0 = LV (x1, x2), O; = i=1,2, 2.7)

Proof. The vector-valued distribution [J; V (x1, x2)|0), i = 1, 2, vanishes, due to Wightman
positivity since the norm squares of the corresponding smeared vectors are expressed in terms
of the four-point function in the first equation (2.5). The vanishing of [J; V then follows from
local commutativity by virtue of the Reeh—Schlieder theorem. (The argument is essentially
the same as the proof of the statement that the vacuum is a separating vector for local fields—
see [32] section 4.) O

Proposition 2.2. The bilocal field
W(xi, x2) i= 472 x5 {p(x)p(x2) — (12)} = V(x1, x2) +4 7% x7, : p(x1)p(x2) : (2.8)

allows us to determine the Taylor coefficients in x| at x| = x, of the two terms in the right-hand
side separately.

Sketch of proof6. The (pseudo)harmonicity of V (2.7) implies
33" W(xt, X)lyymx = (v 31" VX1, X)|yymx + y20n(n — Dd? : [(y30)" 2 ()] (x) : .
(2.9)

Inviewof (2.7) 0, (¥ 01)" V (x1, X)|x,=x = 0;thus (y 9;)" V (x1, x)|,=» appears as the harmonic
part of the left-hand side of (2.9) viewed as a polynomial in y and hence is uniquely determined
by W(x + y, x). U

It is clear from (2.5) that V (x;, x») is nonsingular for coinciding arguments. We can thus
define a second local field

$2(x) =5 V(x,x), (2.10)

of dimension two; it can be a multiple of ¢ (x) only if the ratios (1.9) coincide. Indeed, it
follows from (1.8) and (2.5) that

OlpxDPGDI0) = (12),  (Ola (1) (x2)]0) = 2 (12),
(012 (1) (x2)[0) = =2 (12):

(&)
thus

6 Complete proofs of propositions 2.2 and 2.3 will be published elsewhere.
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Pr(x) = L p(x) <=z—z¢(x)) implies Crcy = c%. (2.11)

The preceding discussion admits an extension to the n-point truncated function. If we set,
generalizing (2.2),

; CI’L [ [ —
Wi, .ox) == Y (102) 0203+ 0, 10,(10y),
o € Perm{2...n}
0,0 foro; < o;
gio= | 1) / n=234,... (2.12)
’ (oj0i) foro; < oy,

then the field ¢ (x) of dimension two is unique if ¢, = c«” forsome @ > 0,n = 2,3, ....
If we define V; as a linear combination of normal products of free (massless) fields,

N
Vi, x) =) @ gi(x)gi (), 2.13)
i=1

andset p(x) = ¢ (x) = % Vi(x, x), then we can reproduce (2.12) with

N

Ch = Z ol (2.14)

Furthermore, we can introduce inductively a series of bilocal and local fields V,,(x;, x») and
¢, (x) of dimensions (1, 1) and two setting

Va(x1, 22) = lim {4 203, [Vi(xr, x3) Va1 (2, X4) — ¢ ((12)(34) + (14)(32)1}

= o 1@ (x)ei(x) s G (x) = 1 Vilx, x). (2.15)

i=1

Note that the limit (2.15) is independent of the point x3 = x4 and that the field V appearing in
the OPE (2.3) coincides with V5.

The dimension of the space of different d = 2 fields ¢y (x) is equal to the number of
different values of «; in (2.13). To see this we note that the Gram determinant of inner
products

N

(01p; (X)) (2)|0) = § (12)° Y~ o/ ™ (2.16)

i=1
is a multiple of [T, o? [],<; (@; — a)?
p i=1 ¥ 1 ligjangn (@ K

Remark 2.1. Fields of type (2.13) have been studied in a different context (for bounded two-
dimensional fields) in [3, 13] where also infinite sums are admitted. We restrict our discussion
to finite NV since only in this case does a stress—energy tensor exist—and is given by (1.13).

From now on we shall restrict our discussion to the simplest case of a single field ¢ of
dimension two and set

c,=c forn =2,3,4,... (2.17)

(absorbing the possible factor " in the normalization of ¢).
The general form (2.12) of the truncated n-point function can in fact, be deduced.
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Proposition 2.3. Let ¢ (x) be a GCI Wightman field of dimension two whose truncated n-point
function is given by (2.12) with ¢, = c for n < 4. Then the limit

Vi, xp) = lim 1) p13pa3(d ()P (1) (x3) — (13)p (x2) — (23)p (x1) — (123)}  (2.18)

23>0

exists, does not depend on x3 and defines a harmonic in each argument bilocal field V (x1, x»).
Furthermore, the truncated n-point functions of ¢ will be given by (2.12) for all n.

Sketch of proof. Equation (2.2) and the conservation of the stress—energy tensor (see section 3)
imply that (2.12) is valid for n < 6. The one-loop expression for the six-point function allows
us to derive (2.18). The expression for the correlation function (2.5) of two V satisfies the
d’ Alembert equation in each argument. By virtue of proposition 2.1 the operator field V obeys
this equation in its entire domain. Equation (2.12) for n < 6 implies an expansion of the form

6 (1) (12 (x3) [0) = (123) [0)
3 kGG +i] ik V) + (R Vg, x0e () 30)

i=1,2,3

J<k, j#i#k
+: 9 (x)@(x2)P(x3) : |0) (2.19)
((@, j, k) form permutations of 1, 2, 3). The result then follows. O

Remark 2.2. If we drop the requirement of Wightman positivity—which implies the validity
of the stress—energy tensor conservation as an operator equation—then the general form of the
truncated five-point function would be

Wit ... x5) = IWL212) +4xPc (1 =2) Y oy [ ik AeR. (220)
1<i<j<5 1<kSS
ey
We note that the one-dimensional timelike restriction ¢ (¢, 0) of ¢ (x) satisfies all properties of
the chiral stress—energy tensor in a 2D CFT. It follows that all restricted truncated functions
should have the form (2.12). This is satisfied by (2.20) (for our choice of constants) because
of a non-trivial identity between the two terms in the one-dimensional case.

Corollary 2.4. Under the assumptions of proposition 2.3 one can prove (also using
proposition 2.2) that the field algebra of ¢ (x) coincides with the algebra of the bilocal field
V(x1, x2).

Demanding that the truncated n-point function of ¢ for n > 3 is strictly less singular in
x;j than its two-point function we have taken into account a necessary condition for Wightman
positivity. We shall prove a necessary and sufficient condition for positivity in section 5.

Remark 2.3. If we rescale the field ¢ by a factor ¢~ and let ¢ — 0o we recover the case of
a generalized free field of dimension two:

A 1
if = — h
it ¢(x) ﬁ¢(x) then 2.21)

Tim (0] (1)@ (x2)p(x3)d (xa) 10) = (12)1(34)1 + (13)1(24)1 + (14)1(23),1.

where (ij); = 3 (ij)*.



2992 N M Nikolov et al

3. Expansion of V' (x1, ;) in local fields. Infinite set of conserved tensor currents

We shall now demonstrate that our model possesses an infinite number of conserved local
tensor currents. More precisely, the bilocal field V (x, x») can be expanded in a series of
even-rank, conserved symmetric traceless tensor fields 75, (x, ¢) (1.11) (of twist = dimension
— rank = 2):

o0
V(xi,x) =2 Z Ci K (x12 - 32, p12 L) Ty (x2, X12), 3.1
1=0

reproducing the four-point function (2.5). Here

_ D e S () _
K[(S,l) = W A do o (1 —Ol) € nz:; m, (K[(O, 0) = 1), (32)

d; is the derivative in x; for fixed x5, [, is the corresponding d’ Alembert operator, (v), =
['(n +v)/'(v); it is chosen to transform the two-point function (0|7%;(x2, &2) T (x3, £3)|0)
into a three-point function:

(g - r(x3) - O (X -0)%

Ki(x12 - 92, p12 L) T = , (3.3)
023 P13 P23

where

(& - x23)(¢ - x23)

023
’ 2 o o '

(+=52)
P13 P23

In verifying (3.3) (see [10]) one applies the relation
<E>” b-O"  W,w—m—1),
4 (y2)u (y2)n+u
(used for y = xp3 + a x12). In order to compute the individual contribution of T to the
four-point function of ¢ we need the three-point function

E-r(xp) ¢ =§-0-2

- for;>=0

A oA - X
_ 2.2\l % .
OV (x1, x2) T (x3, £)10) = N; C; (13)(23)(X7C7) Cp( X - £), X: Noch (3.5)
where N; > 0; Cl(z) is the Gegenbauer polynomial satisfying
2, & d 1 1
(1-2)——-3z—+nn+2);C,(2) =0, C,)=n+1. (3.6)
dz? dz

Writing the normalization constant in (3.5) as a product, N;C;, we exploit the fact that the
three-point function vanishes whenever the structure constant C; = 0.

Remark 3.1. The homogeneous polynomial Hy (x,¢) = (x*>¢ 2)1C21, (x - E ) is the harmonic
extension of the monomial (2 x - ¢)* defined on the light cone ¢2 = 0 (cf [2]):

2
O Hy(x, ¢) = () ¢! x {(1 - zz)f—Zz Cy(2) — 3z d% Cy(2) +41( +1) Cé;(z)} =0
(forz = £ - ), Hy (%, O)lemo = 2 x - O (3.7)

Similarly, the two-point function (0|7%;(x1, 1) T2 (x2, £2)|0) is proportional to ,01_22[_2@12;22)[
Cy(C1- & —2(¢1 - x12) (82 - X12)/ pr12)-
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Inserting (2.3) in the four-point function (2.1) (2.2) and using (2.5) and the expansion (3.1)
for V (x3, x4) we find

(01 @ (x1)@ (x2) V (x3, x4)|0) = ¢ (12)((13)(24) + (14)(23))

=2 ) CrKi(x34 - 0, p3a Ta) (0] ¢ (x1) (x2) Ty (x4, X34)[0)
=0

=2 1 )
@+ 1)! 2 o (Sler (1= a0)/41 p3a )
=4(12 NCP—= | d 1—

< >; CTTERN SR nl 2+ 1), (3.8)
x phy (XD CHX, - F34),

X\,=x1_y—x2_y, Y = X4 +ax34,

: Ply P2y
Oiy = pisa(l —a) + ap;z —a(l — a)ps4, i=12.

It will be convenient for what follows to substitute the second conformally invariant cross
ratio 1, (1.5) by the difference € = 1 — 7,, which tends to zero for x34 — 0 (or x;, — 0):

€ =1 —m(=0(x34) = O(x12)). (3.9

Proposition 3.1. For

-1
2 41
N Cr=C <21 (3.10)
the contribution of V(x3,x4) to the four-point function (2.1) is reproduced by the
superposition (3.8) of three-point functions of the twist two fields Ty,

01V (x1, x2) V (x3, x4)[0) ( 1 )
=c|1+
(13)(24) —€

= Tea(l—a)]? da
_zc;(4z+1)/0[ — } = G

The proof of this statement is given in appendix A.
The Ward-Takahashi identity for the time-ordered three-point function of the stress—
energy tensor allows us to compute the normalization N;C; of the Wightman function (3.5):

12
(01 (x1)p (x2) Ta (x3, £) |0) = % XX —4(X -0,

ie. N, C :—2%. (.12)
Comparing with (3.10) we find:
C =2 Ny = 8S (3.13)
1 = 47 1 = 3. .

Remark 3.2. It is instructive to note that the contribution of each 7, to the ratio (3.11) (given
by the /th term in the right-hand side) involves a logarithmic function in 1 — € (see appendix A)
while the infinite sum is a rational function of €.

4. The infinite-dimensional Lie algebra of field modes and its bilocal realization

The conformal compactification M = S x S'/Z, of Minkowski space M = R>! gives
rise to a natural notion of conformal energy, the generator of (isometric) rotation of the
timelike circle S!, and of an associated discrete basis of field modes. We shall parametrize
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M following ([35]) in terms of complex coordinates z = (z,,a = 1,2, 3,4) fixed by the
involution z > z* :=7/z%

M= {z:(za €eCa=1,...,4); 22 := %ZZ“<22:ZZ§ =: z2+zi>}. 4.1)
z -

This condition implies the property

Za Zb

S~ =ZaZ =Za2b € R forze M (4.2)

Z

which, in turn, characterizes this parametrization of M. We choose the embeddingmap M C M
as

0 1 1 —x2 1+x%2 0
M>x,x)—~>z=0w )=z, 4= —7, wx) = —ix". “4.3)
2w(x)

Clearly, z defined by (4.3) satisfies (4.2); in particular,
1+ix92+22 1 —
2 (,()(.x) . ( l.x) T _ |Zz|=Z'Z=1 (fOrZEM). (44)

T o) (1—-ix02+22
In order to write down the inverse transformation it is convenient to present z in terms of a
complex quaternion (or, equivalently, an element of U(2)—see [37]):

qz=124+t2q, qiq; = €ijqr — 0ij (i.e.q1 g2 = —q2q1 = g3, €tcC). 4.5)

The cone at infinity, Ko, = M \ M, consists of the quaternions gz € M for which 1 + ¢z is not
invertible

gz€Ke iff2w' = (1+q2)(1+q"2)=U+2)+2"=0(@ z2=24—gq2). (4.6

For gz ¢ K we can set

. . qgz—1 . 722 —1
1X:=1x0+qx = 1 or 1x90 = w; T
22“ 4.7)

r=w,z=———————.
< (14 24)% + 22

We shall use the fact that the flat metric on M is related to the Poincaré invariant metric on M
by the complex conformal factor w (4.3)
dz? = d2* +dzi = o X(x) dx? (dx? = dz? — dx}). (4.8)

To a scalar field ¢y, (x) of dimension d in Minkowski space we make correspond an analytic
z-picture field ¢ (z) defined by

¢(2) = 2m)! ! pulx(2)) (w = w(x(z))) (4.9)

- (1+42z4)%+ 22
for x(z) given by (4.7). The term analytic is justified by the fact that energy positivity implies
analyticity of the vector-valued function ¢ (z)|0) for |z|> < 1. Indeed, the future tube 7,
= {¢ € C* Im ¢° > |Im |}, the analyticity domain of ¢ (¢)|0) (see [32]), is mapped into
a complex neighbourhood ¥, of the four-dimensional unit ball B*; more precisely, we have
B*={6 e R, 2 :=£"+& < 1},

. 4.10
B*xS'/Z, ={z=¢e"; £ eB* 1 e R} C Z,. (4.10)

Note that M appears as the boundary of the five-dimensional manifold B* x S'r/ Z?:
zeM iff z =¢'" 2, T eR, teS={eR,2* =1} (4.11)
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The conformal Hamiltonian H is, in this picture, nothing but the (Hermitian) generator of
translation in 7:

e p(z)e " =" (e 2) or [H,¢(z>]=(d+za i )¢><z),

024 (4.12)
H|0) = 0.
The decomposition of ¢ into eigenmodes of H reads
¢(2) = Z ¢n(2), [Pn(2), H] = n ¢u(2). (4.13)

nez

The modes ¢, (z) can be written as power series in z, and 1/ z2 that are homogeneous in z of
degree —n — d.
For a free field ¢(z) of dimension d = 1 the modes ¢, are homogeneous harmonic

2

polynomials spanning a space of dimension n (as a space of SO(4) symmetric traceless

tensors of rank n — 1: (”;’2) — (g) = nz); in particular, o(z) = 0, ¢1(z) = a1/z%,
P_1(2) = a_1, 92(2) = a5z, /(zH)% 9_2(z) = a”,z, etc. They are subject to the canonical

commutation relations [35]
(w2) (n—1)/2
(z2)@n+D)2

[9u(2). ou(w)] = Chi_1 G ) €(n) 84—, (z=Vz232)

1 forn >0
em)=10 forn =0 4.14)
-1 forn < 0.

(Here one uses the fact that the two-point function (0|¢(z)e(w)|0) = 1/(z — w)? appears as
a generating function for the Gegenbauer polynomials defined in (3.6).)
One can expand the bilocal field V in modes V = ) 2 Vyum» which behave as products

of p-modes:
AZVnm(Zs w) =0=A,Vunu(z, w),

a d 4.15
z-—+n+1|VuGz,w)=0=(w-—+m+1 )V, (2, w). ( )
9z ow
(The homogeneity condition only agrees with the Laplace equation if we set Vp,, = 0 = V,,0.)
The modes of the d = 2 field ¢ are most conveniently expressed as infinite sums of V-modes:

2¢4(2) =) Vonv(2 D Vin (2, 2) = Vam (2, 2)). (4.16)

VEZ

The components V, ,_,(z, z) of ¢,(z) (unlike those of ¢,(z)) span an infinite-dimensional
space. This is a common feature for scalar fields of dimension d > 1 (more generally, for
elementary conformal fields of weight (ji, j»; d) withd > j; + j, + 2, in the notation of [18]
and [23], which, as a result, cannot obey a free-field equation). It is all the more remarkable
that the state space for a given energy n is always finite-dimensional. This is a consequence
of the analyticity of the vector-valued function V,,,(z, w)|0) for z, w € T,. Indeed, it then
follows from (4.10) and (4.15) that

Vam(z, w)|0) =0 ifn>0o0rm > 0. (4.17)

Consequently, only (n — 1) terms of the infinite sum (4.16) contribute to the vector ¢_,(z)|0):
26 4(2)10) = 3021 Voun(z, 210).
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In order to display the identity of the vacuum state spaces of ¢ and V, guaranteed by
corollary 2.4, we need to include the composite twist two fields T»;(z, ¢) in the operator
algebra of ¢. Here is the realization of the four lowest-energy spaces in the two pictures.
Setting for the vacuum Hilbert space

oo
H="Ho® P M (H=mH,=0  (dim Hy=dim H, = 1)
n=2

we can write down a basis in H,, H3 and Hy4 as follows:
$—210) =3 Vi 1 0); $32410) =V 12410) (= 2. Ve IO))'
{9°%10), T2(0, 0)10), ¢>,10)} ~ (VS 52425 10), V4 _, 2425 10), 1 10)}

The difficulty in describing the full state space H in such a manner stems from the
fact that the modes of ¢ do not span an (infinite-dimensional) Lie algebra: the commutator
[¢(z1), ¢(z2)] also involves all twist two conserved tensors T»;(z2, z12) (and their derivatives
in the first argument). 75 (I = 0, 1, ...) together with the unit operator exhaust, in fact,
the singular terms in the OPE ¢ (z)¢(w)|0). The resulting commutator algebra simplifies
drastically for collinear z; = ¢je (e? = 1): it then reduces to the Virasoro algebra,

—(n— € o — _ Ln -
[Ln, L]l = (n —m)Lym + 2 n(n”— 18, —m for pu(¢ e) = N Ly = ¢ule).
(4.18)

The point is that the second argument, z,,, of 7, cancels the singular factor 1/ z%z in the OPE
in the one-dimensional case.

Using the orthogonality of different quasiprimary fields we can produce a sample of
projected commutation relations between ¢,(z) for non-collinear arguments illustrating the
appearance of the Virasoro subalgebra as a special case.

To begin with we note that the vacuum OPE (2.3) remains valid in the z-picture provided
we set

1
(12) = > <1mply1ng (12) = - (12)2 = % (23,) 72, 2% = 22 +z§> (4.19)
12

(the singularity at z122 = 0 being treated as a limit from the domain |z%| > |z%|). Using the
knowledge of the generating function for the Gegenbauer polynomials,

1 A 1 o wr w2\ ”/2,\AA
(=) = (-2 05+ %) <z2>kz< ) G, 420

and the expressions (1.8) and (2.2) for two-, three- and four-point correlation functions of ¢,
we can write the term involving the central extension of the Lie algebra generated by ¢,:

(w2)n/271

012 [¢n(2), p—n(w)]p—210) = NS
><<0|¢2{ LG ) do(0) + o c (- D)go(w) + 7 Cy, G w)} $_>0)
n=>l, (Cf1 =0). 4.21)

The Virasoro subalgebra (4.18) is recovered for collinear arguments noting the normalization
property for Gegenbauer polynomials:

_ 23, 2
CH(1) = (”*2;‘ 1) - (n') : (V+1 Yl =2u+2- v). (4.22)
. =0
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(In particular, equation (4.21) reproduces (4.18) forn + m = 0.)

The Lie algebra £y of the bilocal field V is much simpler to describe. The modes V,,,,
of V satisfying (4.15) and the unit operator span by themselves an infinite-dimensional Lie
algebra:

4
[Vaina (@1 222 Vs (23, 28] = ¢ [ @702 {Ch L1 Gr - 23) Cloyoy G 24) 8y —ny Bsos
j=1

+C1Gr - 24) Cpyyy (B2 - 23) 8y —ny sy YE(m1) €(n2)

+(2) DR TRCL G- 23)€) 8uy—ny Vi, (220 24)

+(23) VR ) RC (B - 23)€(12) Sy s Vi, (215 24)

+ (z) "R RC) Gy 2)€() 8y —ny Vi, (220 23)

+(23) "R VRC) (- 2)€(n2) Buy—ny Vi, (21, 23). (4.23)
This is, in fact, a central extension of the infinite-dimensional real symplectic algebra sp(oco, R).
According to (4.16) the ¢-modes belong to this algebra. The vacuum representation of £y is

characterized by the energy positivity condition (4.17).
The associative algebra of V,,,,(z, w) contains an ideal Z, generated by

{Vao(z, w) (= Vou(w, 2)) s n € Z} (€ 1) (4.24)

which annihilates all states in the vector space Hy spanned by polynomials in V_, _,
(n,m € N) acting on the vacuum. Although 7, may well be represented non-trivially in
other sectors of the theory it is natural to work with the factor algebra By in the vacuum sector.
Indeed, By can be identified as the operator algebra, generated by the bilocal field V, acting
(non-trivially) in Hy. The relative simplicity of the operator algebra By in Hy stems from
the fact that the modes V,,,,(z, w) (n # 0 # m) are (homogeneous) harmonic functions in z
and w—see (4.15). It follows from our analysis of the mode space of the free field ¢(z) that

Vum (2, w) span a space of dimension n?m? except for the diagonal, n = m, for which the

2
symmetry of V implies that the dimension of the space is " 2+ ! )

The modes V,,, are eigenvectors of the Cartan elements
[
=55 [ Vo, w) (Vi = d'u, @ =w’+u), €N (4.25)
T

(Parametrizing u € S® by u = (sin sin6 cos g, sin ¥ sin 6, sin i cos @, cos ) we can
replace the volume elementé(«/u_z— 1) d*u by sin? ¥ sin 6 dy d6 dp,0< ¥ <7, 0<0 <,
0 < ¢ < 2m; the normalization factor 1/ 272 fixes the integral (of 1) over S? to 1.) We have,
in particular,

(hi — 8im — i) Vop,—m(Z, w) 10) =0 (forn,m € N). (4.26)

In deriving this property one uses the relation
[
73 / Cly(@-u)Cp_ (u-2)8(Vu? =1)d*u=8,C,_|(-2). (4.27)
It follows that the conformal Hamiltonian H defined in (4.12) can be written in the form

o0
H = Z Ih. (4.28)
=1
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5. Unitary vacuum representations of £y

We begin by introducing an anti-involution in By and the associated inner product in .
We define a star operator in the algebra of modes, setting
Vnm(za w)* = V—m,—n(wa Z) (= V—n.—m(za U))) for Z, W E M» (51)
so that V(z, w)* = V(z, w).

Remark 5.1. The anti-involution (5.1) involves a correspondence between homogeneous
harmonic functions of degree n — 1 and —n — 1. If we write, for n, m > 0,

b]...b —1.4)...ay—
Vo -m(z,w) =V, 2 " Zby e Zby Way - W,

then we shall have

w Wan s b Tbe
an,fm(Z, w)* — an(w’ Z) — aiy...ay—1,by...by_y i am—1 1 1

w2Z2 mn w2 w? ZZ ZZ ’

where both V_,, _,, and V,,,, are symmetric traceless tensors of rank (n — 1, m — 1) (with respect
to the indices a; and b}, separately).

We shall call a Hilbert space (H) representation of £y unitary if the (positive) scalar
product in H and the conjugation (5.1) in £y are related by
(O, XW¥)=(X*"D, W) for every X € £y, &, W e HF, (5.2)
where H! is the dense subspace of finite energy vectors of H which belongs to the domain of
any X in Ly.
One can introduce a (not necessarily positive) inner product (, ) in Hy satisfying (5.2)
defining the bra vacuum by conditions conjugate to (4.17):
OlVum =0 unless n > 0 and m > 0, 5.3)

and assuming (0|0) = 1. The main result of this section is the following characterization of
the unitary vacuum representation of £y .

Theorem 5.1. The inner product in Hy, defined for a (normalized) vacuum vector
satisfying (4.17) and (5.3) and for V,,,(z, w) obeying (4.23), is positive semidefinite iff ¢ € Z,
={0,1,2,...}.

Proof. Fix a unit vector e € S* and consider the one-dimensional subalgebra £¢, of Ly
generated by

Unm = Vam(e, €) € £, C Ly, n,meZ, e =1. (5.4)
It follows from (4.23) and from (4.22) that v,,, satisfy the commutation relations of the modes
of a one-dimensional (chiral) bilocal current:
[Vnm s Vnamy ] = cn1my(Spy,—ny Sy —ms + Ony,—ms Sy, —ny)
+ 11 (8ny —ny Umymy + Oy —my Uming) + 101 8y —ny Vnyms + Omyi—my Unyny)- (5.5)
a

Lemma 5.2. There is a vector |A,) € Hg'("ﬂ)) whose norm square is a multiple of
cc=1)---(c—n+1):

Vi1 V12 ... U

1 v v v

A -0 1 n
(Al n!” B I (5.6)

Uni Un2 Unn

(AalA) = AP =+ Dlelc =1 (c—n+1),
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Proof. It follows from (5.5) that the norm square of a polynomial of degree n in vy is a
polynomial of degree (not exceeding) » in c. We shall demonstrate that (A, |A,) vanishes for
integer ¢ in the interval 0 < ¢ < n. To this end we note that if ¢ is a positive integer and fm,
m € Z are c-dimensional operator-valued vectors J,, = {J,i,, i=1,...,c} satisfying

[ T = m 8y —n 8ij, mmneZ i,j=1,...,c, 5.7

then the normal products
v = Ty = Z AV AR (5.8
i=1

satisfy the commutation relations (5.5). If ¢ < n then det (v;;)]; j=1,. . appearing in the
definition of (A, |, which is the Gram determinant of the scalar products of n vectors in a
c-dimensional space, should vanish. The coefficient (n + 1)! to the leading (nth) power of ¢
is computed as a sum of norm squares of terms entering the expansion of the determinant; for
instance, for n = 4 we have

e 1
lim (?4 <A4|A4>> = qgs KOV Va2 + 60|V Vas Vig )2

c—> 00
+4[(01Vi2 Vaz Viz Viull> + 3 101V Vi |12
+3 112 (0| V12 Vas Vig Vi)
=2"4+6x8+4x8+3x4+3x4=120(=5.
Remark 5.2. The Lie algebra Ly of bilocal modes, characterized by the commutation

relations (4.23), has a reductive star subalgebra U, (with no central extension) generated
by V_m(z, w),n,m € N:

[V—nl,ml (21 s 12)1), V—nz,mz (227 '-2}2)]
= Cpp,_1 (W1 22) 8y Vo, G 102)
—Cp_1 (W2 - 20) Spiany Vg, G2, W), G =w;=1) (5.9)

with a central element
o0
=Y h (5.10)
n=1

where h,, are the Cartan operators (4.25). We have

.. 1 . .
VoimG ), Cil == [ {mCh_ (@ u) Vo, u)
272

—1C G u) Vo, 1)} 8(Vu? — 1) d*u =0, (5.11)

where we again used the relation (4.27). U, contains what could be called the Cartan
subalgebra of Ly spanned by the elements V_, , (e, e) forn € N, e? = 1 (including h; (4.25)).
Ly is compounded by Uy, the unit element and by a pair of conjugate Abelian subalgebras
£F (which are Uy, modules), spanned by

£ DV m(z, )}, £7 D {Vam(z, wih, n,m € N. (5.12)

L£* consists of positive, £
h; (4.25):

of negative, root vectors with respect to the Cartan elements

(his Vanm (2, )] = (81 + 8im) Vapn, 7 (2, ). (5.13)
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The commutators between elements of £~ and £* belong to Uy, U c1. The operator

[o¢]
G=3Y % // Vom0, 1) Vi (1, 0) S(VuZ — 1802 — 1) d*u d*v (5.14)
i
n,m=1
commutes with U, and should have a positive spectrum in any unitary representation of £y.
The counterpart of C, (5.14) for the subalgebra £7,,

1 1
C == — VU_p—m Unn (5.15)

has its minimal eigenvalue in the subspace

Hg") = {P,(v_¢.—1)|0); P, homogeneous of degree n in v_j _;}
on the vector |A,) (conjugate to) (5.6):

CilA,) =n(c—n+1)|A,), [C5 —n(c—n+1)]lm = 0. (5.16)
We have, for instance,

(€5 —nlc+20n — DD V", _10) = 0= (C5 — 1) v_g—a—iy - - - v_2,_1|0).

It follows from lemma 5.2 that there exist negative norm vectors unless c is a positive
integer. To prove that for ¢ € N the vacuum representation of £y is indeed unitary it suffices

to note that in this case V can be written in the form
V) =Y :0i2)ei(z) : (5.17)
i=1
where ¢; are mutually commuting free zero-mass fields and to recall that a system of free fields
satisfies all Wightman axioms (including positivity). O

We have established on the way the following result (as a direct consequence of lemma 5.2).

Proposition 5.3. The vacuum representation of the infinite-dimensional Lie algebra £, of the
two-dimensional bilocal chiral field

1
v(z,w) = — Z Vpm 2 Tw ", z,weC (5.18)
w n,mez
whose modes satisfy (5.5) (and v, 10) = 0 unless m < 0 and n < 0) is only unitary for
positive integer c.

This is an analogue of the Kac—Radul theorem [14] on the unitary representations of the

Wiieo algebra. It is clear that the algebra of the two-dimensional stress tensor
T()=3v@2)=) Liz "2 (5.19)
nez

i.e. the Virasoro algebra (4.18), is a true subalgebra of £, since it admits unitary representations
for all ¢ > 1 as well as a discrete series forc = ¢, =1 —-6/(n+1)(n+2)(n =1, 2,...,
the unitary Virasoro module H,, being the quotient space of the corresponding lowest-weight
module with respect to a singular vector at ‘level’ (= eigenvalue of Ly) n(n + 1)).

The situation is different for D = 4 since V (z, w) is harmonic in each argument in this
case. Due to corollary 2.4 the algebra By is then not bigger than the original OPE algebra of
¢, so the result of theorem 5.1 extends to it.

Corollary 5.4. Under the assumptions of proposition 2.3 it follows from theorem 5.1 that
the quantum theory of the field ¢ with truncated n-point function (2.12) satisfies Wightman
positivity iff ¢ is a natural number (in which case ¢ belongs to the Borchers class of a set of
free fields).
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6. Extensions of the results. Concluding remarks

The preceding results—and methods—apply to fields of higher dimension and arbitrary tensor
structure. We shall establish important special cases of the following

Conjecture. If a neutral tensor field of integer dimension has truncated n-point functions
which are multiples of the corresponding correlators of normal products of (derivatives of)
free fields for n < 6, then Wightman positivity implies that the proportionality constant is a
positive integer. (As indicated in section 2, for d = 2 the statement follows from the expression
for the four-point function.)

Our first example is a conserved current whose (first five) truncated correlation functions
are obtained from those of the current of a system of two-component spinors,
Cy
. . ~ . ~0 ~ ~j j
THa ep) =) PTG Y (x) (=69 =6y =T =09y, 6/ = -0/ = -0,
=1

6.1)

by substituting the positive integer ¢y, by an arbitrary real number. Here v; are mutually
anticommuting free Weyl fields:

X12
(O1 ¥ (x1) Y (x2) 10) = i S(x12), S(xi2) =192(12) =1 5——-, (6.2)
~ 27% pia
and we have used the conventions
d
02 =0, ——(x = g, x"), ot o, +o,0" =-26". (6.3)
~ 8)62,,, ~
Introducing the spin-tensor components of the current
<y
J(xX)(= Jyp(x)) = % o J* <= 2; F e (x) Ip;fﬂ(x) :) (6.4)
j:
we can write
(01 Ty, iy (x1) Ty 4, (62) [0) =y S, g, (¥12) " Sg, o, (X12)
— ) ) €o1 266
=cy {Sal 6 (*¥12) Sy, g, (X12) — Tpfz }, (6.5)
T (1) T, g, (62) = (01 Ty, g, (x1) T, 5, (¥2) 10) = 'S o, (X12) Vi, g, (X1, X2)
Sy 5, 0012) Vg oy o1y 2) gy (01 Ty i (52) (6.6)

where 'S (fV) stands for the transposition of § (V). Multiplying both sides by
(272/i) p1a £2% and setting

W (01, 2) = ZT”Z P12 5 Uy, (01) g, (062) = (O g g, (61 Jop, () 10} (6.7)
we obtain
Wy, g, (X1, X2) = Vi, g, (X1, x2) + "V o (61, X2)+ 2 Sy g, (1) tr(R1n T (x2)) (6.8)
where the bilocal field V satisfies

(01 Vy, g, (X1, x2) Vi, 4, (X3, x4) 10) = S, 5, (x14) " Sg, 0, (X23). (6.9)

It follows from (6.9) that
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LS (6.10)

5‘15!0!1 Val Bi (x1,x) =0= Votl i (x1, x2) u

3)62M
As aresult V4 and the normal product of J appearing in the right-hand side of (6.9) can be
determined separately and we can prove as in section 5 that ¢y (cy — 1) ---(cy —n+1) 20
forn=1,2,....

As a second example we consider the Lagrangean density

Lrx)=—% > FlL@) F () : (cr €N) (6.11)
a=1

and the associated analytic continuation of truncated Wightman functions to arbitrary positive
real cp. The truncated n-point function of £ can again be written as a sum of %(n — D!
one-loop graphs, the propagator associated with a line joining the vertices 1 and 2 being

1
D}\.]}L])\zﬂg (x12) = Z{akl (8)»2 Muips — 8#2 77#1)»2) - 8#1 (8)»2 Mapa — 8#2 nkl)\z)}m

_ r)u])»z (x12) r/).]Mz (-xlz) - r)u],u,z (x12) r/L])\.z (x12) (6 12)
472 pl, ' '

This expression for the propagator also enters the OPE of two £ (together with a tensor-
valued bilocal field):

(O1LF(x1)LF(x2) = (O[{2 cp D222 (x15) Dy, iy oy pn (X12)
+ D)Vl /‘Ll )‘<2M2(x12) V)\,] J231 )Lz;LQ(-xls xz) +: »CF(xl)ﬁF(XZ) :}7

3 (6.13)
Al A2 —
2D Doy do s = e
For ¢ € N, V has a realization as a sum of normal products of free Maxwell fields:
Vi i (1, x2) = B4 ) B (x0) < (6.14)
The OPE (6.13) allows us to compute the truncated four-point function of £r which
appears as a special case of the five-parameter expression Wj(d = 4) computed from
equations (1.4)—(1.7):
ol P3
Wi@) = 2 —Aco(l+n] +m) +ci(n +ma+nf + 15+ ma (0] +13))

P P33 P34 Pl
+ 2 (13 + 07+ 05+ 17 03 (01 +112))
+ by (407 +03) +bamma(m 2 + 1+ 1))
(ci=coifori =0,1,2; by =cy; fori =1, 2). (6.15)
Indeed the contribution Wg of the box diagram (computed by using formulae for traces of

products of r/* given in appendix B),

_ Al A2 K1 4 K2 U3 YRS
Wa =cp D", 7, (x12) D, (x1a) Dy 75 (x23) D7, (X34)

1 ni 2 2 2 1
= 32cp — T +—),  ©616)
(2m)* (012023034 014) moom m2 M mm

which enters the expression for the truncated four-point function of £(x)

Wy = (1 + 512 +523) Wi (x1, X2, X3, X4)

= Wo(x1, x2, X3, x4) + Wo(x2, x1, x3, x4) + Wo(x1, x3, X2, X4) (6.17)
fits the expression (6.15) for
1
Co=cr=by = —=c| = — by = 0. (6.18)
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The first local field in the expansion of V around the diagonal is the stress—energy tensor:
T =2 V¥ (e, )8 — V5, (x, x) = —L(x)8) — V5, (x,x).  (6.19)

Conversely, the bilocal tensor field V*1#1;,, (x1,x2) (= —V*H M, (x1,x) = —V*H 5
(x1, x2)) appears in the OPE of two T/ and can be determined from it in two steps. First, one
derives the formula

A A AL A
<0| v ]MI)\.ZMZ (-xlv x2) v SMS)MMA ('x39 x4) |0> = CF D THIA3HS (-x13)ID)»2/.L2)u4[,L4(x24)

+op DML (1) DRy L (x3) (6.20)

and deduces from it that V*1/1, . (x1, xp) satisfies in each argument the free Maxwell
equations. Secondly, one uses this fact to single out the contribution of V in the OPE of
two 7. Once more Wightman positivity implies cy € N.

Remark 6.1. The use of different notation, c(= cg)cy and cr for the constants multiplying
the truncated functions of normal products of the free fields ¢, ¥ and F),,, respectively, is
justified by the fact that they correspond to (and exhaust the) different tensor structures in the
general conformal invariant three-point function of the stress—energy tensor [31].

At the same time the four-point functions of the conserved current J,, and £(x) involve
structures which cannot be reduced to normal products of free fields. If, for instance, b, # 0
in (6.15) the three-point function of £(x) will not vanish (unlike the case of superposition
of type (6.11) of normal products of free Maxwell fields). More generally, we have a
four-parameter family of admissible four-point functions of £(x) obtained from equation (6.15)
with the restriction

€y = —co— ¢ (F# 2cp) (6.21)

coming from the requirement that no d = 2 field appears in the OPE of £(x)L(x,) (and that
the stress—energy tensor is present in this OPE). They are only compatible with three-point
functions of T of the type (6.19) (i.e. with the third of the three admissible structures in this
three-point function given in [31]—cf remark 6.1).

To summarize: looking for a 4D RCFT beyond the Borchers’ class of free fields we have
excluded the theory of a bilocal field of dimension (1, 1) and have come to the following
problem. Assume that the only local fields in the observable algebra, satisfying GCI, of
dimension d < 4 are the (conserved traceless) stress—energy tensor 7),,(x) and a scalar field
L(x) of dimension four (playing the role of an action density). The problem is to construct
an OPE algebra consistent with the n-point functions of these fields for n < 4 that would
allow us to compute higher point correlation functions and to implement the condition of
Wightman positivity. This example is attractive because the dimensions of the basic fields £
and T, are protected. Moreover, in any renormalizable quantum field theory one can define
a (gauge-invariant) local action density and a stress—energy tensor.
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Appendix A. Proof of proposition 3.1

We shall first compute the sum in the right-hand side of (3.8) for

034 =0,
2, xa = P14 — P13 _ 024 — P23
(A —a)ps+apz (I —a)ou+apys
_ P14 P23 — P13 P24
[(1 —a)p1a +a p13][(1 — @) p2s + & 23] (A1)
—€
B [+ (1 —a)pia/pi3][1 — @+ p23/p2s]’
P13 02U o 1
pr2 7 e+ (I —a)pu/pi][1 — o +apa/pu]’

and then use the result to give a general proof of proposition 3.1. According to (A.1) we have

EZZ

[+ (1— 06)/014/,013]2[[1 — o+ 23/ pos]

Conformal invariance allows us to send x; to infinity, setting p14/p013 — 1, p23/024 — 1 — €,
thus reproducing the right-hand side of (3.11). Taking the sum in/ we reduce the proof of (3.11)
to verifying the identity
"I —ea)(l —ea)* +e2a?(1 —)?]
2 do =1+
0 (1—€ea®)(1 —2eca+ea?) 1—¢
which is straightforward.
It is also instructive to compute the individual terms in the right-hand side of (3.11)
which correspond to the contribution of twist two fields to the OPE. Using Euler’s integral
representation for the hypergeometric function we find

li X ek (X, - %) = .
p}ifgo(pu ¥ Cy(Xy - X34) 5

(A2)

1 AN
1+1_€_2]§<2z> ' FQI+1,21+1; 41 +2; €). (A.3)
Each F (21 + 1,2l + 1; 4] + 2; €) is, in fact, an elementary function. In particular, the first two
terms which provide the contribution of the original field ¢ and of the stress—energy tensor 7,

to the OPE can be written in the form

LoV (xy, 0
2/ OV (x1, x2)@ (x4 + 0 x34)| >doe —2F(.1:2: €)
0 c(13)(24) p3a=0
2 1 2, 2¢e"
= —1 =2 _—,
—In— +e+ ; o
YOIV (xy, x2) T (xg + , x34)|0 2
2C1/ 0|V (x1, x2) T2 (x4 + & X34, X34) | )da _ € F(3.3:6:¢) (A.4)
0 c(13)(24) p3a=0 3

60 1 € 1 €
—[l-—1+=)In —1+=
€? € 6 1—¢ 2

2 [, €, 5 @niGhuae”
¢ {3+2+Z 32D }

n=2

Proceeding to the general case (p34 # 0) we shall use the following generalization of (A.3)
(see [10]). Exchange the conformal cross ratios (1.5) (3.9) with the variables 1 and 7 related
to n; and € by

nn=nm, n+n=e+n, (A=A =17) =m). (A.5)
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(We note that for spacelike x;; the variables 7 and 7 are complex conjugate to each other.) In
terms of these variables we can write (see equation (3.10) of [10])

i (=l (1 — &) /4] p34 04)"

2 ! L
7= @+D / da o (1 — a)? Phy (XD CL(Xy - £34)
y 0

—~ n! 2l +1),
_ 5 (41)“ Y FQL+1, 21+1; 4142 n) — 52 FQRI+1, 21+1; 41+2; )
21 n—n ’
(A.6)

We can sum up these expressions applying (A.3); as a result the n;-dependent terms present
for each [ cancel and we end up with

2 00 —1
=53 4 WP FQI+ 1,20+ 1,4+ 2 ) — 72 FQLU+ 1,20+ 1; 41 +2; 7))
n—n 1=0 21
7 1

= _(n+ ! —ﬁ—L_>=l+—_=1+—

n— l—n 1—-7 1=md-7n) l—e¢
(A7)
This completes the proof of proposition 3.1. ]

Appendix B. Traces of products of r/(x)

We shall compute the trace of the product of tensor structures that appears in the numerator of
the box diagram with propagator (6.12):

) ) A )
B = fin (ki) fronl (xa3) fron (xaa) fii (x14),
f;‘,ﬁ,(x) = r}’},(x) rff,(x) — rﬁ,(x) rf,(x),

establishing on the way some useful properties of products of r*(x) = §* — 2 x* x, /x> +

i 0x° (3.4) (of different arguments) which appear in correlation functions of tensor fields.
We shall use repeatedly the triple-product formula of [24]:

(B.1)

r(x12) r(x23) r(x13) = r(X23), ie.
ri(x12) ry (x23) 1y (x13) = rﬁ(Xzs), X3 = e (B.2)
P13 P12
Using the identity r(x)> = 1 we find
R(x12, X23, X34, X14) 1= r(x12) r(x23) 7 (x34) 7 (x14)
= [r(x12) r(x23) r(x13)]lr (x13) 7 (x34) 7 (x14)]
= r(X») r(Xs4), (B.3)

where X34 = X3, = x14/p14 — x13/p13 (cf (3.4)). Using further the relation

. v)2 )2
tr(r(x)r(y)><=4%+n—4):4% forD—4 (B4
X2y xX=y

we deduce (for n; given by (1.5))

2 X5 X3 (I—m—m)’
X3, X34 mn2 .
A simple algebra allows us to reduce B (B.1) to the difference

B = 8{[tr R(x12, X23, X34, X14)]* — tr([R(x12, X23, X34, X14)]%)}. (B.6)

tr(R(x12, x23, X34, X14)) = (B.5)
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The

second term is computed using (B.3) once more:

tr([R (xX12, X23, X34, X12)]%) = tr(r(X23) r(X34) 7(X23) 7 (X34))

{ { P12X14 — PlaX12  P12X13 — P13 m)
trqr +

:054 :053
P13 X14 — P14 X13 P12 X14 — P14 X12
X r 5 + 5
P34 P24
1 =20 =2+ 10> +n2)?
_( Uil 27722 ny + 1) ‘ B.7)
nin;
Finally inserting (B.5) and (B.7) we find
B = (1 =21 —2m+ i + 05 +m M) (B.8)

nn2
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